We review some of the results obtained by introducing a thermodynamic pressure via the cosmological constant in a class of higher curvature theories known as Lovelock gravity. In particular, we focus on a specific relation between the higherorder Lovelock couplings that introduces a peculiar isolated critical point for hyperbolic black holes characterized by non-standard critical exponents.
the variation of physical "constants" [2, 3, 4] dM = T dS + PdV (1) where the thermodynamic BH volume is, by definition, V =
∂ H ∂ P S
, and can be different from the geometrical volume.
The extended thermodynamic phase space assumed by this proposal is well motivated for at least three reasons:
1. In this extended phase space both the Smarr relation and the first law of thermodynamics hold, while in the conventional phase space only the first law is satisfied for nonzero Λ . 2. The use of an extended thermodynamic phase space is compatible with considering more fundamental theories of physics that admit the variation of physical constants. 3. Comparing the physics of BHs with real world thermodynamic systems becomes a much more reasonable possibility [5] .
This proposal has been shown to provide a rich variety of thermodynamic behaviors for both AdS and dS black holes [6, 7] . For example, by introducing the pressure, it can be shown [6] that charged BHs behave as Van der Waals fluids 1 . It has been found that there could be triple points (e.g., in Kerr-AdS black holes [8, 9] ), where a coalescence of small, medium, and large sized BHs merge into a single kind at a particular critical value of pressure and temperature. Also, reentrant phase transitions [10] can occur, in which there are phase transitions from large BHs to small ones and then back to large again as the temperature monotonically increases. In addition, this proposal has been subject to the attempts of study an extended AdS/CFT dictionary (see [11, 12, 13, 14] and for an extended review [15] ).
Lovelock Gravity
Lovelock theory is a particular massless metric theory of gravity in arbitrary dimensions that, in four dimensions, become identical to general relativity with cosmological constant Λ . One of the main features of this model is that, although the action functional of the theory could be an arbitrary higher-order polynomial in the Riemann tensor, it leads to equations of motion that contain only second order derivatives of the metric tensor.
To define the generic Lovelock densities one can use the language of differential forms or the generalized Kronecker delta symbols, where δ
is antisymmetric in any pair of upper and lower indices. In fact, one has that δ
is equal to ε B 1 ...B n ε A 1 ...A n with respect to the Levi-Civita symbol. Using this definition, the Lovelock densities can be written as the complete contraction of the above generalized delta symbol with the Riemann curvature tensor:
Using Eq.(2), one can check that the lowest order term L 0 corresponds to a cosmological constant, while L 1 is the Einstein-Hilbert term
and L 2 is the Gauss-Bonnet combination:
This means that the combinations of all the Lovelock densities for n > D are zero, whereas when n ≡ D (the critical dimension for a given Lovelock term), the Lovelock density is topological: it is a total derivative making no contribution to the field equations and whose value depends on the topology of the spacetime manifold. The simplest example is the Einstein-Hilbert term in two dimensions: the Ricci scalar is a total derivative and the Einstein tensor is identically zero 2 . Thus, the Lovelock densities are a generalization of the Chern scalar densities, namely densities whose variation leads to a second order equation of motion. Any higher order derivatives present in the variation of Lovelock densities end up as total divergences and thus do not contribute to the field equations. For example, the six-dimensional Euler density in seven or eight dimensions (used in Figs.1 and 2) will be a Lovelock density of third power in the curvature tensor (we refer to it as 3rd-order Lovelock gravity).
The generic Lovelock Lagrangian is given by
where k max is the integer part of [(D − 1)/2] and the α's are the Lovelock coupling constants. In the extended thermodynamic phase space, the Lovelock coupling constants (including the cosmological constantα (0) ) can be considered as thermodynamic variables and can vary in the first law of BH thermodynamics. The physical
Chern generalized the theorem to higher dimensions finding the relevant higher-order curvature scalars. Thus the Gauss-Bonnet density, for example, is a topological invariant in four dimensions whose integral is the generalized Euler or Chern topological number.
meaning of these variables and their conjugates, apart from the cosmological constant and its associated volume, remains to be explored. 3 
Thermodynamic Considerations
Let us consider now a Lovelock BH charged under a Maxwell field, F = dA, with the action given by (cf. Eq. (6))
and the corresponding equations of motion
where
ab is the generalized Einstein's tensor. The Hamiltonian formalism admits a derivation of the expression for the gravitational entropy and the corresponding first law of BH thermodynamics [18] . In [19] , both the first law and the associated Smarr formula in an extended phase space can be obtained exploiting the Killing potential formalism. For a Lovelock BH, characterized by the mass M, the charge Q, the temperature T and the entropy S, the extended first law and the associated Smarr relation read [18, 19] 
The potentialsΨ (k) are the thermodynamic conjugates to theα (k) 's and are a nontrivial functions of the "bare" cosmological constant Λ = −α 0 /2 and of the higherorder Lovelock couplings [22] . In general, in Lovelock gravity, the BH entropy is no longer given by one-quarter of the horizon area, but rather reads
where σ denotes the determinant of σ ab , the induced metric on the BH horizon H , and the Lovelock terms L k−1 are evaluated on that surface. A curious feature is that the Lovelock black brane entropy (and also the other thermodynamic expressions when considered under an appropriate rescaling) does not depend on the Lovelock coupling constantα k for k ≥ 2 (see [20] ). In what follows, the (negative) cosmological constant Λ = −α 0 /2 with the thermodynamic pressure and the conjugate quantityΨ (0) with the thermodynamic volume V , are identified in the following way
where Σ (κ) d−2 denotes the finite volume of the (d − 2)-dimensional compact space at constant (r,t), whose constant curvature (d − 2)(d − 3)κ, with the horizon geometry corresponding to κ = 0, +1, −1 for flat (brane), spherical and hyperbolic black hole horizon geometries respectively. This identification allows interpreting the mass M of the BH as an enthalpy rather than the internal energy of the system. Using Eq. (12) and the thermodynamic volume given by Eq. (13) in the definition of the Hawking temperature, one can obtain the Lovelock "fluid equation of state" 4
and study the possible phase transitions based on the behavior of the Gibbs free energy in the canonical ensemble
The equilibrium thermodynamic state corresponds to the global minimum of this quantity for fixed parameters P, T, Q and α's. A critical point occurs when P = P(V ) has an inflection point, i.e., when
Together with the equation of state (15), the system (16) determines the critical values {P c ,V c , T c } as functions of Q and κ. To find a critical point one has to solve the (higher-order polynomial) Eqs. (16) for T c ,V c and insert the result into the equation of state (15) to find P c , subject to the restriction that P c ,V c , T c have positive values in order for the critical points to be physical. As result of this study, we find that critical behaviour occurs in d = 7, 8, 9, 10, 11 dimensions, but not d = 6 (Gauss-Bonnet case), though there is a cusp for κ = +1 . If d = 7, the critical point is associated 4 In terms of the rescaled Lovelock coupling constants
with Van der Waals behavior, whereas in d = 8, 9, 10, 11 we observe a reentrant phase transition. Figures 1 and 2 show the results of a numerical analysis of 3rd-order Lovelock gravity in d = 7, 8 with κ = ±1 in terms of the following dimensionless variables:
For κ = −1, a special case occurs when the parameter α = α 2 / √ α 3 = √ 3. The system can be resolved analytically, and the solution exhibits a special isolated critical point. The Gibbs free energy displays two swallowtails, both emerging from this point, and the critical exponents (obtained by series-expanding the equation of state near the critical point) areα
for any dimension d ≥ 7. Three of these critical exponents are independent because of a violation of certain scaling relations, in contrast to two independent exponents in mean field theory. This isolated critical point can be understood as the merging of two critical points, and we find the BH is massless (M = 0) [21] in this limit. By comparison, taking κ = +1 for the same value of α 2 yields
which are the standard swallowtail mean field theory critical exponents.
Conclusions
3rd-order Lovelock gravity presents interesting and qualitatively new thermodynamic behaviour. In particular, 3rd-order uncharged Lovelock black holes with α = √ 3 and κ = −1 are especially peculiar: in this interesting, distinctive case, we find that the equation of state has a non-standard expansion around a special critical point suggesting a violation of the scaling relations and non-standard critical exponents. This feature of Lovelock gravity has been further discussed in [22, 23] and was subsequently observed in quasi-topological gravity as well [24] .
In general, since the odd-order Lovelock theories (in any dimension in which they exist) always admit massless topological black holes [21, 25] as solutions, they will all exhibit the peculiar isolated critical point for an appropriate choice of coupling constants. [22] ) is displayed in the (q, α)-parameter space; grey dots correspond to no critical points, blue to one critical point, red to two, and yellow to three. The corresponding diagram for d = 7 is trivial (contains only the blue region with one critical point) and hence is not displayed. Although all critical points have positive (P c ,V c , T c ), some P c may exceed the maximum pressure p + and hence occurs for a compact space. Note also the qualitatively different behavior for q = 0.
